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Assuming the existence of a spherically symmetric, self-similar solution of general relativity with
matter that is locally an attractor of codimension one on the black hole threshold, we calculate the
dependence of the black hole angular momentum on the initial data, near the black hole threshold
and near spherical symmetry. As any smooth one-parameter family of initial data crosses the
threshold, the black hole angular momentum vector rotates in space an innite number of times
while its length decreases as a power of distance to the black hole threshold. The new critical
exponent and the \angular frequency" are calculated as  ’ 0:799 and ! ’ 0:231 in the example of
p = =3 perfect fluid matter, where the assumption is known to hold.
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1. Introduction
There has been much interest recently in certain general features of general relativity arising for initial data that are
close to the black hole threshold. Take a smooth one-parameter family of smooth, asymptotically flat initial data for
general relativity (with matter) that crosses the black hole threshold, and ne-tune the parameter, so as to get close
to the black hole threshold. For many families, one can make arbitrarily small black holes this way. As discovered by
Choptuik [1], the black hole mass near the threshold then scales as
M ’ C(p− p)
γ ; (1)
where p is the parameter of the initial data, p is its value at the black hole threshold, and γ, the \critical exponent"
is a universal constant common to all one-parameter families, while C depends on the family. This result can also be
formulated without reference to curves in phase space: for any smooth function p on phasespace (with nonvanishing
gradient, so that it is a good coordinate) so that p = p is the black hole threshold, there is a second smooth function
C so that the mass as a function on phase space takes the form (1). Clearly, this form is invariant under smooth
changes of the coordinate function p.
In a nutshell, critical phenomena arise because general relativity, for a given matter model and symmetry, admits
a \critical solution". By this we understand a strong-eld solution that is an attractor of codimension one sitting
on the black hole threshold, and whose basin of attraction is the black hole threshold. Perturbatively this means
that the critical solution has precisely one unstable mode, and that it decays into a black hole, or into flat space,
depending on the sign of that mode. Critical solutions found so far are either (1) static or periodic in time, or (2)
continuously or discretely self-similar. (Both kinds of critical solution in the same model are seen for example in
the spherically symmetric Einstein-Yang-Mills [2] and massive scalar eld [3] systems.) The second kind gives rise to
the more surprising phenomena, such as the power-law scaling of the black hole mass. For a review, see [4]. In the
following, by critical solution we always mean the second, self-similar kind.
In this paper, we calculate the behavior of the black hole angular momentum at the black hole threshold for any
matter model that admits a critical solution for all, not just spherically symmetric, data. The results are rather
surprising. On the average, we nd a power law as for the black hole mass, with a new, independent exponent.
But the direction of the angular momentum vector changes direction an innite number of times on approaching the
threshold, describing a shrinking ellipse in space centered around the origin, similar to the trajectory of a damped
three-dimensional harmonic oscillator. In axisymmetry, where the angular momentum vector is conned to the
preferred direction, it changes sign an innite number of times at the black hole threshold.
Spherical critical solutions and their spherical perturbation spectra have been calculated for several matter models.
Recently, the full (non-spherical) perturbation spectrum was calculated for one such solution for the rst time, namely
for the perfect fluid with equation of state p = =3 [5]. It was shown that this solution is, perturbatively around
spherical symmetry, an attractor of codimension one, and therefore a true critical solution for the full phase space
near spherical symmetry. Therefore there is at least one model for which the assumptions of the present paper hold,
and we shall conclude with a quantitative prediction of the angular momentum scaling for that model. Our general
results, however, hold for any matter model for which a spherically symmetric self-similar critical solution in full phase
space exists.
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2. Coordinates adapted to self-similarity
We begin by xing some notation. We call a spacetime continuously self-similar (CSS) if there is a vector eld 
that obeys
Lgab = 2gab: (2)
Such a vector eld is called homothetic. It is a special kind of conformal Killing vector. If we introduce coordinates
(; x; ; ’) adapted to the self-similarity so that  = −@=@ is the homothetic vector, the conformally rescaled metric
~g = e
2g (3)
is independent of  . (At the end of this paper, we shall briefly consider the more general case of a discretely self-similar
(DSS) spacetime. In this case, read \periodic in " for \independent of " throughout. A geometric denition and
detailed discussion can be found in [6].)
The stress-energy tensor of a homothetic spacetime obeys
LTab = 0: (4)
As an example, consider perfect fluid matter with stress tensor
Tab = (p+ )uaub + pgab: (5)
The equation of state p = k, with constant k, is compatible with homotheticity. In this case, the rescaled density
and 4-velocity components
~ = e−2; ~u = e
u (6)
are again independent of  in the coordinates adapted to the self-similarity.




2(x; ); r2(x; ) sin2 

; (7)
where  and ’ are the usual angular coordinates, and where gAB is the 1+1 metric on (x; ) space. If the solution is
also CSS, r and the three components of gAB are independent of  in the preferred coordinates.
In the following we assume that hypersurfaces of constant  are spacelike, with  increasing towards the future. (See
[5] for an example of such a coordinate system.)  is then both our time coordinate, and the logarithm of spacetime
scale. Let (gij ;Kij) be the Cauchy data induced on a  -hypersurface. If the spacetime is CSS, the rescaled Cauchy
data components
~gij = e
2gij ; ~Kij = e
Kij (8)
are again independent of  .
3. Perturbation notation
In the following, we use a more compact notation. Let  be our time coordinate. Let Z stand for a set of
rst-order-in-time variables of the problem that have been rescaled appropriately so that
Z(; x; ; ’) = Z(x; ; ’) (9)
for any Z corresponding to a CSS spacetime, and with Z containing complete Cauchy data. For vacuum gravity, a
suitable choice would be Z = (~gij ; ~Kij). With perfect fluid matter, we would add ~ and ~u. The Hamiltonian and
momentum constraints could be used to eliminate up to four components from Z. For the calculations in this paper,
these details do not matter. For a solution that is both self-similar and spherically symmetric, we write
Z(; x; ; ’) = Z(x); (10)
for clarity of notation, overlooking trivial -dependences in tensor components such as g’’ = r
2(x; ) sin2 .
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For a solution that is a general perturbation of a self-similar, spherical background solution Z(x), we can make
the ansatz













Because the background is spherically symmetric, we can decompose all linear perturbations into spherical harmonics
labeled by l and m. Because it is independent of  , the perturbation equations of motion separate, and the pertur-
bations can be assumed to have a simple exponential dependence on  , where the separation constants lmn and the
mode functions flmn are complex. We assume here that the perturbation spectrum is countable and discrete, and
label it by n for each value of l and m. Because Z is real, the lmn and flmn must be real or form complex conjugate
pairs. Because of spherical symmetry, the lmn are in fact the same for all m, and are therefore labelled ln. The
Clmn, also complex, are the free parameters of the generic perturbation. Here we want to consider one-parameter
families of initial data labelled by a parameter p. The dependence of the solutions on p is then a dependence of the
free constants Clmn on p. The flmn correspond to rescaled metric and matter perturbations in a suitable gauge, such
as Regge-Wheeler gauge, or in a gauge-invariant framework. We have addressed the technical details of gauge-xing
elsewhere [5]. This ends our setting out of a notation.
4. Mass scaling
We now consider the time evolution of initial data that start close to the spherical self-similar critical solution, so
that the expansion (11) applies initially. The critical solution contracts to a curvature singularity at  =1. As the
singularity is approached from the past, with  increasing, a perturbation grows (decays) if the real part of its  is
positive (negative). By denition, a critical solution has precisely one unstable mode. Being unique, this unstable
mode must be spherical [because all higher values of l are (2l + 1)-fold degenerate], with  real. We label its mode
function f00 and its eigenvalue 0.
Close enough to the singularity, we can neglect all stable perturbation modes. The unstable perturbation keeps
growing however, and eventually the solution deviates nonlinearly from the critical solution. There is a critical value
p of the initial data parameter p such that the solution eventually forms a black hole for p > p but disperses for
p < p. As p ! p from either side, the solution approximates the critical solution to ever smaller scales, that is to
ever larger  . This means that C00 must vanish precisely at p = p. Linearizing C00 around p = p, and neglecting
all decaying perturbations, we have









0p  ; (13)
where  is an arbitrary small constant.
We now consider the Cauchy data Z0 given by
Z(p; x; ; ’) ’ Z(x) + f00(x) = Z0(x): (14)
We have chosen  small enough that the growing mode has not yet gone nonlinear (its exact value does not matter).
For larger  , the linearized ansatz (11) breaks down, and we know only that the solution forms a black hole and
settles down to Schwarzschild. We have dened p so that the rescaled variables Z are independent of p. The physical
Cauchy data gij and Kij depend on p only through an overall factor of e
−2p and e−p respectively. Similar scaling
laws hold for the matter variables. The eld equations themselves are scale-invariant. (For the perfect fluid model we
consider here, they are exactly scale-invariant. For other matter models, they may be asymptotically scale-invariant
on small scales, which is equivalent for our purpose.) As a result, there is only one scale, e−p , in the problem, and
therefore the black hole mass must be proportional to it. We have
M ’M0e
−p ’ C(p− p)





where M0 is a universal unknown constant, and C is a family-dependent constant depending on @C00=@p(p).
This derivation of the critical scaling of the black hole mass has been given before [7{9,6]. Here, the nonspherical
perturbations have been added to the picture, but they do not aect it to leading order. The fact that they all decay
means that the universal mass scaling law, and the appearance of the critical solution, are stable features under small
nonspherical perturbations. Nonlinear collapse calculations restricted to spherical symmetry have shown that the
critical solution is an attractor of codimension one (that is, up to ne-tuning of one parameter) even in the nonlinear
regime, and that the power-law scaling of the mass persists very far from the black hole threshold, up to a considerable
fraction of the total (ADM) mass. This suggests that the critical solution may well be an attractor beyond the linear
regime also for non-spherical initial data.
5. Angular momentum scaling
Now we generalize the above discussion to initial data with nonvanishing angular momentum. Our discussion holds
strictly only for initial data which are almost spherical, so that deviations from spherical symmetry can be treated as
linear perturbations throughout the evolution. In particular this means that our results hold only for black holes whose
angular momentum is much smaller than their mass, so that the nal Kerr solution can be treated as a perturbation
of Schwarzschild. If the critical solution turned out to be an attractor beyond the linear regime also for non-spherical
initial data, our discussion and results would then hold also for large deviations from spherical symmetry.
A Kerr black hole metric with small angular momentum (LM2) can be written as a Schwarzschild metric with
an odd-parity l = 1 perturbation of the metric coecients, with amplitude proportional to the angular momentum L









where P1 is a Legendre polynomial, while all other metric coecients are those of the Schwarzschild metric in the usual
Schwarzschild coordinates, plus perturbations of O(L2=M4) [10]. This result can be veried immediately by expanding
the Kerr solution in Boyer-Lindquist coordinates around L = 0. The only perturbation to leading order in L therefore
has l = 1 angular dependence and odd parity in the Regge-Wheeler notation. Here the orientation of the coordinate
axes was chosen so that the perturbation is purely m = 0. For a general orientation of ~L relative to the coordinate
axes, m = −1; 0; 1 will all appear. As a subdominant eect, we therefore include the odd l = 1 perturbations in the
data Z0 even though they are subdominant, with the aim of learning something about the behavior of the black hole
angular momentum near criticality.
We only keep the dominant odd l = 1 mode, that is the one with the largest (least negative) real part of , and
denote it by 1. Generally, 1 will not be real, but part of a complex conjugate pair. 1 is also threefold degenerate,
with mode functions f1m for m = −1; 0; 1, or the three directions in space. Writing down these modes in addition to
the unstable, spherical mode, we obtain, to leading order in (p− p),













For the initial data Z0 we obtain, now taking into account those subdominant modes,
Z(p; x; ; ’) ’ Z0(x) + e
Re1pZ0(p; x; ; ’) = Z
0





f cos(Im1p) Re [C1m(p)f1m(x; ; ’)] − sin(Im1p) Im [C1m(p)f1m(x; ; ’)] g (19)
is periodic in p. As long as its amplitude e
Re1p is small enough, the perturbation Z0 evolves as a linear perturbation
of the spacetime generated by the spherical data Z0 all way until the solution has settled down to Schwarzschild with
a small odd-parity l = 1 perturbation that turns it into a slowly rotating Kerr solution. By the black hole no-hair
theorem, no other perturbations (except an electric charge of the black hole) can survive in the nal state. This
justies our considering odd l = 1 perturbations but neglecting l > 1 and even perturbations altogether.
In the linear approximation, the black hole angular momentum L must on average be proportional to eRe1p .




for the overall scaling of L. But there is an interesting ne structure due to the fact that Z0 depends periodically
on p, as we shall see now.
By linearity, the presence of a perturbation Ref1m, for some small , in the initial data must give a rise to a
small angular momentum component Lz =  L
Re
z in the nal black hole, while  Imf1m gives rise to Lz =  L
Im
z .
Similar proportionalities apply to Ref1m and Imf1m for m = 1, and the x and y components of the black hole
angular momentum. We absorb the universal, but unknown proportionality factors LRez etc. and the family-dependent
unknown constants C1m into six new constants ~A and ~B. Putting all the factors together, we obtain the following
nal result for the angular momentum vector ~L of the black hole as a function of the initial data, for initial data near
the black hole threshold and near spherical symmetry:
~L = (p− p)

n











and ~A and ~B are six family-dependent constants. This is our main result. As p ! p in the initial data, the
angular momentum vector ~L of the nal black hole rotates in space, with its tip describing a rapidly shrinking ellipse.
[This trajectory could be described as the trajectory of a damped isotropic 3-dimensional harmonic oscillator, with
− ln(p− p) playing the role of \time", ! the frequency and  the damping. But of course p− p is not time, but a
measure of the distance, in phase space, of the initial data set labeled by p from the black hole threshold.] Note that
 > 2γ, because Re1 < 0 by assumption. This also means that our approximation LM2 becomes ever better as
the black hole threshold is approached.
Our treatment of angular momentum as a perturbation of spherically symmetric critical collapse closely parallels the
treatment of Gundlach and Martn-Garca [11] of electric charge as a perturbation of (spherically symmetric) uncharged
critical collapse. There, a critical exponent  for the black hole electric charge Q was predicted quantitatively for
scalar electrodynamics in spherical symmetry coupled to gravity, and later veried in by Hod and Piran [12] in collapse
simulations. The main dierence between that and the present result is that the dominant angular momentum
eigenvalue 1 is complex, leading to the oscillation in the direction of ~L, while the leading charge eigenvalue (at least
for spherical scalar electrodynamics) is purely real, leading to a power-law scaling (overlaid perhaps with a small ne
structure due to the scale-periodicity of the critical solution itself).
6. The axisymmetric case
How counterintuitive our main result (21) really is becomes clearest if we consider a family of strictly axisymmetric
initial data. Then ~L can only point along the symmetry axis, and the ellipse degenerates into a line:
L = Lz = (p− p)
A cos[! ln(p− p) + c]; (23)
where A and c are two independent family-dependent constants. If the family of axisymmetric initial data has
angular momentum that does not vanish at p = p, then the angular momentum of the black hole, as a function
of the initial data, would alternate between being parallel and antiparallel (going through zero in between) to the
angular momentum of the initial data. The simple power-law scaling Lz = (p− p) one might naively expect would
be recovered only if 1 was purely real. The oscillating behavior is sketched in Fig. 1. It is perhaps as dramatic an
illustration of the \forgetting" of initial data in critical collapse as the universality of the critical solution itself is.
7. Discrete self-similarity
Here we have considered the eects of a critical solution that is CSS, both for simplicity of exposition and because
the one case that our calculation is actually known to apply to (the perfect fluid) is CSS. It is straightforward, however,
to generalize our result for the angular momentum scaling to hypothetical critical solutions that are DSS instead of
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CSS. The eect of discrete self-similarity on the scaling of the black hole mass has already been discussed in [6]. The
resulting black hole mass formula is
lnM = γ ln(p− p) + c+ f [γ ln(p− p) + c]; (24)
where γ is a universal critical exponent, f is a universal function with period , and c is a family-dependent constant.
Here  is the period of the critical solution in the logarithm of spacetime scale, which can be measured independently
of the mass scaling law. The predicted ne-structure in the black hole mass scaling law was later found [13], with the
predicted period, in the spherical critical collapse of a scalar eld, whose critical solution is discretely self-similar.
Note that the presence of a periodic function in the mass scaling formula is due to the nontrivial periodicity in 
of the background solution. The periodic dependence of the angular momentum in CSS critical collapse on the other
hand is a simple cosine, because it derives from a time-dependence exp1 of the leading l = 1 odd perturbation,
with 1 complex. For a discretely self-similar critical solution, one would expect both kinds of periodicity to arise.
The calculation bearing this out is a straightforward generalization of the one for the continuously self-similar case,
and here we only give its result. It is
Li = ln(p− p)

n
Ai cos[! ln(p− p)] ai[γ ln(p− p) + c] (25)
+Bi cos[! ln(p− p)] bi[γ ln(p− p) + c]
o
(26)
where Li are the components of ~L, the Ai and Bi and c are family-dependent constants,  is a universal constant,
and the ai and bi are universal periodic functions with period . There are two independent periods here:  is
determined by the background critical solution, while the independent period 2=! is determined from the dominant
l = 1 perturbation as before. The family-dependent constant c has the same value as in the mass-scaling law (24).
8. Predictions for the p = =3 perfect fluid
We conclude this paper with a quantitative prediction, based on numerical work reported elsewhere [14]. In [5] the
previously known [15] critical solution (in spherical symmetry) for the perfect fluid with equation of state p = =3 was
examined, with the result that, at least perturbatively around spherical symmetry, it remains the critical solution in
the full phase space. The assumptions of the present paper therefore apply to this matter model. In the numerical
work leading to [5], the values 0 ’ 2:785 and 1 ’ −0:226 0:644i were found [14]. The value of 0 gives rise to a
critical exponent for the black hole mass γ = 1=0 ’ 0:359, in agreement with the value 0:3558019 given previously
[7,8]. We note that 01 is not purely real. Therefore, we predict, for this matter model, for initial data near spherical
symmetry and near the black hole threshold, the oscillatory behavior (21), with  ’ 0:799 and ! ’ 0:231. For
axisymmetric critical collapse in particular (which may be simpler to investigate numerically than the general case)
we predict the scaling (23) with the same  and !.
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FIG. 1. Schematic plot of the ADM angular momentum (thick dashed line) and the angular momentum of the black hole
(thick full line) in axisymmetric collapse in a one-parameter family of axisymmetric data crossing the black hole threshold. p is
the parameter of the initial data, and p is its value at the black hole threshold. The envelope (thin dashed line) is the overall
power law. There is an innite number of oscillations as p! p from above.
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